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Abstract 
Motivated by the chaotic waterwheel subject to the Lorenz equations, which was invented by Malkus and Howard 
about 40 years ago, we have developed a chaotic gas turbine by mechanically simulating the Rayleigh-B«nard 
convection of fluids heated from below and cooled from above. The rotational motion of the turbine erratically 
reverses its direction similarly to the random reversal of large-scale circulation in turbulent thermal convection at 
high Rayleigh numbers. The nondimensionalized expression for the equations of motion of our gas turbine is 
represented as a starlike network of many Lorenz subsystems sharing the dimensionless angular velocity of the 
turbine rotor as the central node, referred to as augmented Lorenz equations. We report the observed motion of the 
turbine and discuss its dynamical properties. 
© 2012 Published by Elsevier Ltd. Peer-review under responsibility of Takashi Hikihara and Tsutomu Kambe 
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1. Introduction 
The Lorenz model is a simplified dynamical model of the Rayleigh-B«nard (RB) convection of a fluid 
heated from below and cooled from above [1]. Assuming the convective flow to be a two-dimensional roll, 
the Lorenz model consists of nondimensionalized ordinary differential equations that determine the time 
evolutions of three independent dimensionless variables X, Y and Z, where X represents the velocity field 
and Y and Z represent characteristics of the thermal field. The model is derived from the Boussinesq 
equations [2] and retains some of the physical aspects of RB convection by incorporating the reduced 
Rayleigh number, the Prandtl number and the geometric parameter (as a function of the aspect ratio). 
Despite its simplicity, the Lorenz model is an epoch-making breakthrough in nonlinear science that has 
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provided a firm platform on which many important studies on chaos and its applications have been 
performed. 
About 40 years ago, Malkus and Howard invented a chaotic waterwheel whose rotational motion 
exactly follows the Lorenz equations with a geometric parameter of unity, corresponding to an aspect ratio 
of ξ͵ in RB convection [3, 4]. The chaotic waterwheel randomly reverses its direction of rotation, which 
is a mechanical realization of the chaotic behavior of X in the Lorenz model. Motivated by the chaotic 
waterwheel, we have recently developed a chaotic gas turbine that erratically reverses its direction of 
rotation similarly to the chaotic waterwheel [5, 6]. Our gas turbine simulates the mechanism of RB 
convection in that buoyancy, viscous drag and thermal dissipation are mechanically simulated by the 
aerodynamic drag generated on the turbine blades by an air flow, the frictional force generated on the 
turbine rotor by a thrust bearing and the leakage of the air flow out of the turbine, respectively. As will be 
shown in this paper, unlike the chaotic waterwheel, the equations of motion of our gas turbine turn out to 
be an infinite-dimensional system of ordinary differential equations whose nondimensionalized expression 
is represented by a starlike network of infinitely many Lorenz subsystems sharing the dimensionless 
angular velocity of the rotor as the central node. The nondimensionalized equations with the number of 
Lorenz subsystems truncated at N are referred to as augmented Lorenz equations. The temporal 
fluctuation of the angular velocity of the rotor is reminiscent of the random reversal of large-scale 
circulation, often called mean wind, in turbulent RB convection at a high Rayleigh number exceeding ͳͲ଺
with an aspect ratio on the order of unity [7–24].  
In this paper, we report experimental results for the chaotic motion of our gas turbine operated under 
various conditions and compare the experimental results with the corresponding numerical solutions of 
our equations of motion. The bifurcation structure of the turbine motion is analyzed on the basis of the 
augmented Lorenz equations. This paper is organized as follows. A brief description of the mechanical 
structure of our machine and the equations of motion together with their nondimensionalized expression 
are given in section 2. Details will be given in [6]. Section 3 presents experimental results of the angular 
velocity as a function of time and the corresponding numerical solutions generated by numerically 
integrating the equations of motion given in section 2. The bifurcation structure of the system is also 
presented. Sections 4 and 5 provide a discussion and conclusions, respectively. 
2. Chaotic Gas Turbine and Its Equations of Motion 
Figures 1 (a) and (b) show a photograph of our gas turbine and a schematic drawing of its mechanical 
structure, respectively. The turbine includes a stainless steel disc rotor with a diameter of 40 [mm]. The 
rotor is sandwiched by three acrylic plates. There are 24 thin blades on the rotor arranged with radial 
symmetry. This arrangement of the turbine blades generates aerodynamic drag but no aerodynamic lift, to 
allow the buoyancy in RB convection to be simulated, unlike existing planar-type micro gas turbines [25, 
26]. Air is provided through the top inlet and exhausted through the bottom outlet. The air inflow 
impinges on the turbine blades near the inlet within an angle of േ߶ [rad] from the central horizontal axis 
of the turbine. Part of the air leaks out through the narrow channels between the upper acrylic plate and 
the rotor, which simulates the thermal dissipation in RB convection. A hydrostatic thrust bearing is used 
to generate a frictional force between the rotor and the acrylic plates to simulate the viscous drag in RB 
convection. This bearing includes a circular array of six register holes through which pressurized air is fed 
to the bearing gap to push up the rotor to above the lower acrylic plate. As the hydrostatic thrust pressure 
increases, the frictional force decreases. 
We next give the equations of motion of the turbine rotor. Details of the derivation of the equations 
will be given elsewhere [6]. Here, a summary is given. 
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(a)                                                                         (b)  
Fig. 1. (a) Photograph of chaotic gas turbine. (b) Schematic of chaotic gas turbine. 
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where ܽ௡ሺݐሻܾ௡ሺݐሻ  respectively denote the nth time-dependent sinusoidal and cosinusoidal 
coefficients of the spatial Fourier expansion of the air inflow pressure around the central axis of the 
turbine,  ߱ሺݐሻ [rad/sec] is the angular velocity of the rotor, ߙ [ͳȀ] is the rate of air inflow near the 
turbine blades, K [ͳȀ] is the rate of air leakage, ௜ܲ௡[] is the air inflow pressure (gauge pressure), 
ܫ[ଶሿ is the inertial moment of the rotor estimated assuming a negligible mass for each turbine blade, 
ݒሾଶȀሿ is the damping constant of the hydrostatic bearing, ܵሾଶሿ is the area of each turbine blade 
and ݎሾሿ is the effective radius of the rotor to which the torque due to aerodynamic drag is applied. The 
Fourier expansion is truncated at N to conduct numerical simulations. The parameter settings fixed in the 
numerical simulations are summarized in Table 1. For the parameters ݒ , r, K and ߙ , we have no 
experimental method for estimating their exact values at present. The values of the parameters given in 
Table 1 were estimated. However, these parameter settings reproduce the observed angular velocity as a 
function of time, as shown in the next section. 
Table 1. Parameter settings. 
Parameter Setting Physical unit 
S ʹǤͲ ൈ ͳͲିହ ଶ
r 0.015 m 
߶ 0.36 rad 
I ͳǤͷ ൈ ͳͲିହ ଶ
K 0.01 ିଵ
ߙ 0.03 ିଵ
We introduce the following dimensionless variables: 
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where the scalar variable X is the dimensionless angular velocity of the rotor, the diagonal components of 
ܰ ൈ ܰ diagonal matrices Y and Z are the dimensionless sinusoidal and cosinusoidal Fourier coefficients 
corresponding ܽ௡ሺݐሻܾ௡ሺݐሻ, respectively, 
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Equations (4) – (6) are exactly equivalent to the Lorenz equations with a geometric parameter of unity 
when the Fourier expansion is truncated at ܰ ൌ ͳ. Hence, the coefficients ߪ and  ܴ଴ defined using the 
mechanical parameters of the turbine correspond to the Prandtl number and the reduced Rayleigh number, 
respectively. Thus, Eqs. (4) – (6) are referred to as augmented Lorenz equations. Note that the augmented 
Lorenz equations can be viewed as a starlike network of N Lorenz subsystems sharing X as the central 
node. Extended versions of the Lorenz model were previously studied by McLaughlin and Martin [27] 
and Curry [28]. Curry extended the Lorenz model by simplifying the Boussinesq equations using a 14-
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mode truncation. McLaughlin and Martin developed an extended model consisting of more coupled 
variables than those in Curry's model to examine the transition to turbulence. These previous models are 
different from our model. 
3. Results 
We operated the turbine under various air inflow pressures and thrust pressures and recorded videos of 
the operating turbine rotor. The angular velocity of the rotor was estimated as a time series with a 
sampling time interval of 33 [msec] using image processing to record the trajectory of a mark on the rotor. 
Figure 2 (a) shows a time series of the angular velocity actually observed under an air inflow pressure of 
20 [kPa], a thrust pressure of 2.5 [kPa] and ܰ ൌ ͳͲͲ. Random reversal of the direction of rotational 
motion can be seen. We numerically integrated Eqs. (1) – (3) using the 4th-order Runge-Kutta method 
with a time width of 1 [msec]. The initial values of ܽ௡ܾ௡ are given as Gaussian random numbers 
with mean 0 and variance 1, and ߱ሺͲሻ ൌ Ͳ. To eliminate the initial transient part, the first 200,000 data 
points were discarded. Figure 2 (b) shows numerical solutions under ୧ܲ୬ ൌ ʹͲሾሿ , ݒ ൌ ͳǤͷ ൈ
ͳͲିହሾଶȀሿ and ܰ ൌ ͳͲͲ, corresponding to Fig.2 (a). The numerical solutions capture the general 
features of the corresponding observed time series. Figure 3 shows observed and numerical results for the 
maximum magnitude of angular velocity as a function of air inflow pressure ( ୧ܲ୬). In our experiments, an 
initial small tilt of the rotor caused a finite difference in the friction between the rotor and the acrylic 
plates despite the same thrust pressure being applied. This induced substantially different settings of ݒ in 
each operation of the turbine. For this reason, there are differences between the observed results and 
numerical solutions in Fig. 3. 
           (a)                                                                                (b)  
Fig. 2. (a) Observed angular velocity as function of time (air inflow pressure = 20 [kPa], thrust pressure = 2.5 [kPa]). (b) Numerical 
estimates of angular velocity as function of time ( ୧ܲ୬ ൌ ʹͲሾሿሿǡ ݒ ൌ ͳǤͷ ൈ ͳͲିହሾଶȀሿ, N = 100). 
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Fig. 3. Maximum magnitude of angular velocity as function of air inflow pressure. Experimental observations  at a thrust pressure of 
2.5 [kPa] are indicated by solid lines and open circles. Numerical estimates with ݒ ൌ ͳǤͷ ൈ ͳͲିହሾଶȀሿ and N = 100 are 
indicated by dashed lines and closed circles. 
Nevertheless, the general tendency is reproduced by our equations of motion. Figure 4 (a) shows the 
observed maximum magnitude of angular velocity as a function of thrust pressure under an air inflow 
pressure of 20 [kPa]. The corresponding numerical results calculated with ୧ܲ୬ ൌ ʹͲሾሿܰ ൌ ͳͲͲ
are shown in Fig.4 (b). An exact comparison between the results in Figs.4 (a) and (b) cannot be performed 
because of the lack of a method for estimating v from the applied thrust pressure. Nevertheless, the 
general features of Fig.4 (a) appear to be reproduced in Fig.4 (b). 
     To examine how the combination of the Prandtl number ߪ  and the reduced Rayleigh number ܴ଴
determines the chaotic region of turbine motion, we applied the augmented Lorenz equations (4) – (6) 
with various ܴ଴ and ߪ at a dimensionless time width of Ͷ ൈ ͳͲିହ. To reduce the computational time, N
was set to ܰ ൌ ͳͲ .By examining the dynamical behaviour of the solutions of X, we identified the 
boundary pairs of ܴ଴ and ߪ that divide the chaotic region of X from the nonchaotic region. Results are 
shown in Fig.5 as solid lines and + symbols. 
               
(a)                                                                                  (b)  
Fig. 4. (a) Observed maximum magnitude of angular velocity as function of thrust pressure (air inflow pressure = 20 [kPa]). 
(b) Numerical estimates of maximum magnitude of angular velocity as function of damping rate of hydrostatic bearing  
( ୧ܲ୬ ൌ ʹͲሾሿǡ ܰ ൌ ͳͲͲ).
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Fig. 5. Boundary curve delineating chaotic region of turbine motion:   ܴ଴ as function of  ߪ. The chaotic region is above the 
solid curve passing through the + symbols. The fitting curve is indicated by a dashed line. 
To obtain an analytical expression for the boundary curve, the plots in Fig.5 were fitted by the 
approximating function 
             ܴ଴ ൌ
௔
୪୭୥ఙ
൅ ܾሺ ߪሻଶ ൅ ܿǡሺͳͲሻ
where a, b and c are constants. These constants were estimated to be a = 28.37, b = 0.19, c = െ͵Ǥͳͳ using 
the least-mean-squares method. The fitting curve is also shown in Fig.5 as a dashed line. 
4. Discussion 
Although our machine is based on the chaotic waterwheel, the equations of motion governing our 
machine are considerably different from those of the chaotic waterwheel. This difference stems from the 
restriction of the working range of aerodynamic drag on the turbine blades to within േ߶ [rad] from the 
central horizontal axis of the turbine. In the chaotic waterwheel, there is no such restriction on the 
gravitational force of the water working as the driving force to rotate the waterwheel. The restriction of 
the working range results in nonvanishing contributions of all Fourier coefficients ܽሺሻܾሺሻ in our 
turbine, which leads to the characteristic structure of the augmented Lorenz equations.  
The dynamical property of the turbine motion, i.e., that of the dimensionless angular velocity X
depends on ߶. Once ߶ is fixed, however, the dynamical property of X is entirely determined by two 
parameters, ߪ and ܴ଴. These dimensionless parameters correspond to the Prandtl number and the reduced 
Rayleigh number, respectively, because the augmented Lorenz model is equivalent to the Lorenz model 
when ܰ ൌ ͳ, i.e., when the Fourier coefficients ୬ܻܼ୬ are truncated at the first order. In this sense, 
the augmented Lorenz model inherits the dynamical nature of the Lorenz model. For instance, our recent 
study has verified that a pair of augmented Lorenz oscillators with direct coupling via X or Y can 
synchronize with each other. The augmented Lorenz model is a nondimensionalized model and can hence  
be used as a general dynamical model in other applications such as chaos-based secure communications. 
Our equations of motion reproduce the main features of the motion of the turbine, which was designed 
to mechanically simulate the RB convection. Hence, the augmented Lorenz model is considered to 
capture some aspects of RB convection. In fact, the angular velocity as a function of time shown in Figs.2 
106   T. Miyano et al. /  Procedia IUTAM  5 ( 2012 )  99 – 107 
(a) and (b) is reminiscent of the temporal fluctuation of the velocity field previously observed by 
Sreenivasan et al. for the large-scale circulation of cryogenic helium gas with a high Rayleigh number of 
̱ͳͲଵଵ  and an aspect ratio of unity [13]. Our recent study has shown some similarities between the 
statistical properties of our results for the angular velocity of the rotor and previous observations of the 
velocity field, which suggests the possibility of using the augmented Lorenz model as a dynamical model 
for the random reversal of large-scale circulation through cessation in turbulent RB convection [6]. Thus, 
we may be able to estimate the Reynolds number Re for the rotational motion of the rotor using the 
empirical relationship among Re, the Prandtl number Pr and the Rayleigh number Ra reported by 
Niemela and Sreenivasan [14]: 
ܴ݁ ൌ ݂ሺȞሻܲݎି଴Ǥ଻ܴܽ଴Ǥସଽǡሺͳͳሻ
where ݂ሺȞሻ ൎ ͲǤʹ when the aspect ratio Ȟ of RB convection is on the order of unity. The geometric 
parameter of unity specifying the augmented Lorenz model corresponds to Ȟ ൌ ξ͵.  Hence, ݂ሺȞሻ ൌ ͲǤʹ,
ܲݎ ൌ ߪ and ܴܽ ൌ ܴ଴ ൈ ͳ͹Ͳͺ upon the assumption of solid boundary conditions in our model. 
5. Conclusion 
We have developed a chaotic gas turbine subject to augmented Lorenz equations that have a starlike 
network of many Lorenz subsystems. Our model can reproduce the main features of the random reversal 
of the turbine rotor, which is reminiscent of that of large-scale circulation in turbulent RB convection at 
high Rayleigh numbers. The mathematical relationship between the augmented Lorenz model and the 
Boussinesq equations is an open question. Applications of the augmented Lorenz model also remain to be 
investigated in future studies. 
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